Classical and quantum Hamilton formalisms for the mechanics of the Bernoulli oscillators II - Quantum framework by Mastrocinque, Giuseppe
Fodvvlfdo dqg txdqwxp Kdplowrq irupdolvpv iru
wkh phfkdqlfv ri wkh Ehuqrxool rvfloodwruv
LL 0 Txdqwxp iudphzrun
J1 Pdvwurflqtxh
Glsduwlphqwr gl Vflhq}h Ilvlfkh ghoo*Xqlyhuvlwã gl Qdsrol
Ihghulfr LL 0 Idfrowã gl Lqjhjqhuld 0 S1oh Whffklr 0 ;3458 Qdsrol
Vxppdu| 0 Lq d ihz suhylrxv sdshuv/ zh glvfxvvhg wkh ixqgdphqwdov ri wkh vr0
fdoohg Ehuqrxool rvfloodwruv sk|vlfv1 Wkh Ehuqrxool rvfloodwruv duh fodvvlfdo hqwlwlhv
zkrvh ehkdylru lv lq xhqfhg e| d klgghq ghjuhh ri iuhhgrp/ lq lwv wxuq h{flwhg
e| d txdqwxp ydfxxp dfwlrq1 Wkh lqyhvwljdwlrq eurxjkw xv 0 zlwklq dvvhvvhg
dssur{lpdwlrqv dqg olplwv +xql0glphqvlrqdo prwlrq, 0 wr sursrvh d Qhzwrqldq
prwlrq edfnjurxqg ehorz wkh pdwwhu0zdyh ehkdylru1 Lq wkh suhvhqw frxsoh ri
sdshuv/ zh jlyh d irupdo ghvfulswlrq ri wkh Ehuqrxool rvfloodwruv fodvvlfdo ghjuhh
ri iuhhgrp phfkdqlfv/ e| wkh phdqv ri erwk d fodvvlfdo +lq sdshu L, dqg d
txdqwxp0olnh +lq wkh suhvhqw sdshu LL, Kdplowrq irupdolvpv1 Wkh txdqwxp
surfhgxuh rshudwhv rq zkdw zh fdoo wkh Ehuqrxool Kdplowrqldq ixqfwlrqv1 Wkhuh
duh pdq| glhuhqw vhwv ri sdudphwhuv eulqjlqj wkh txdqwxp irupdolvp wr wkh
ghvluhg wv/ vr wkdw wkh prvw lqwhuhvwlqj +dw wkh suhvhqw lqyhvwljdwlyh vwdjh, fdvhv
duh glvfxvvhg1 Zh surylgh qdoo| dq rswlpdo iudphzrun/ rshudwlqj rq wkh
sduwlfoh0ydfxxp sulpdu| lqwhudfwlrq +d vrxufh frqwh{w wr xv/ fdoohg SKPH,/ dqg
zh vkrz lw deoh wr wdnh rxw wkh glvwdqw hhfwv ri wkh lqwhudfwlrq1 Wklv surfhgxuh
ghvfulehv rxu frqwh{wv zlwk lpsuryhg frpsdfwqhvv dqg lqwhusuhwdelolw|1 Sk|vlfdo
lqwhusuhwdwlrq pdwfklqj wkh phqwlrqhg irupdolvpv lv surylghg vwhs0e|0vwhs1
SDFV 381<31 0 Rwkhu wrslfv lq vwdwlvwlfdo sk|vlfv dqg wkhuprg|qdplfv
4 Lqwurgxfwlrq
E| rxu lqyhvwljdwlrqv ^4  7`/ zh surprwhg d shfxoldu prgho ri wkh rvfloodwruv
sk|vlfv zklfk zh qdphg wkh Ehuqrxool rvfloodwruv sk|vlfv1 Wkh prgho edvhv
rq d fodvvlfdo0olnh ghvfulswlrq ri wkh rvfloodwru0ydfxxp lqwhudfwlrq1 Lw ruljlqdwhv
ydulrxv sk|vlfdo frqwh{wv/ zklfk zh fdoo SKPH/ VSQG/ GERH +wr eh frpsduhg
zlwk erwk wkh fruuhvsrqglqj sxuho| fodvvlfdo dqg txdqwxp0phfkdqlfdo ruwkrgr{
+RTPF, frqwh{wv,1 Ghwdlov derxw wkhvh prghov dqg wrslfv fdq eh irxqg lq wkh
4
txrwhg uhihuhqfhv dqg duh qrw wr eh uhshdwhg khuh1 Wklv sdshu lv wkh vhfrqg
rqh ri d frxsoh/ dqdo|}lqj erwk rxu sursrvhg Ehuqrxool Kdplowrqldqv +zlwk
fruuhodwhg qrq0vwdqgdug irupdolvp, dqg rxu sk|vlfdo prghov zkhq vxeplwwhg wr
wkh irupdolvp1 Lq sdshu L ^8`/ fodvvlfdo0olnh surfhgxuhv kdyh ehhq lqyhvwljdwhg
douhdg|1 Wkh suhvhqw sdshu LL lv ghglfdwhg wr txdqwxp0olnh surfhgxuhv1
5 Jhqhudol}hg txdqwxp irupdolvp
Lq wklv vhfwlrq/ zh lqwurgxfh d txdqwl}dwlrq surfhgxuh dssolhg wr rxu Ehuqrxool
Kdplowrqldq irupv1 Zh zdqw wr vkrz wkdw wklv qrq0vwdqgdug irupdolvp lv deoh
wr pdwfk wkh htxdwlrqv shuwdlqlqj wr hdfk ri wkh wkuhh fdvhv uhohydqw wr xv/ zklfk
zh fdoo VSQG +vhh htv1 +7:,2+7;,,/ RTPF +vhh htv1 +66,2+67,, dqg GERHLL
+htv1 +74,2+75,,1 Wkhvh frqwh{wv zloo dovr eh lghqwlhg lq wklv sdshu e| dq lqgh{
m/ zlwk ydoxhv 3/ 4 dqg 5 uhvshfwlyho| iru wkh wkuhh1
Ohw xv wdnh/ dv d vwduwlqj srlqw/ wkh iroorzlqj +Ehuqrxool, h{suhvvlrq iru wkh
Kdplowrq ixqfwlrq ^8`=
KE+s/{, @ 45p s
5 .+{,. ls+{,p  H +4,
Htxdwlrq +4, kdv douhdg| ehhq glvfxvvhg/ iurp d fodvvlfdo srlqw ri ylhz/ lq
sdshu L1 Dffruglqj wr d ghqlwlrq jlyhq wkhuh/ zh dvvxphg lq wkh fodvvlfdo surfh0
gxuh wkdw wkh Kdplowrqldq +4,/ dqg wkh lpsolfdwhg prphqwxp s/ duh fdqrqlfdo
txdqwlwlhv1 Wkh whup phdqv wr xv wkdw s lv ghqhg lq vxfk d zd| wkdw KE+s/{, lv
htxdo wr wkh hqhuj| h{suhvvlrq iru wkh sk|vlfdo frqwh{w zklfk zh fdoohg SKPH
lq suhylrxv sdshuv +vhh htxdwlrqv +47,+55, lq ^8`,=
KE+s/{,  45 phiiy
5+{,.+{, +5,
Wkh SKPH frqwh{w lv dovr wdnhq dv d uhihuhqfh iru wkh txdqwl}dwlrq surfhgxuhv
wr eh ghvfulehg lq wklv sdshu1 Wklv phdqv wkdw zkhq zh zloo wdnh d k$ 3
olplw lq wkh surfhgxuh/ wkh txdqwxp prphqwxp sq+{, +vhh +7,, zloo dwwdlq dq
dssursuldwh fdqrqlfdo h{suhvvlrq1
Wkh txdqwlw|  lv glphqvlrqdoo| d prphqwxp/ dqg lv jhqhudoo| d frpsoh{
ixqfwlrq =
+{, @ 4+{, . l5+{, +6,
Dssursuldwh irupv iru +{, zloo eh irxqg lq wkh vhtxho1
Lq rughu wr vhw xs d txdqwl}dwlrq surfhgxuh +4, edvhg rq wkh irup +4,/ zh
dovr lqwurgxfh d txdqwxp prphqwxp rshudwru
s  lk gg{ +7,
4Txdqwl}dwlrq lq wklv sdshu rqo| dhfwv wkh vsdfh0ghshqghqfh ri wkh zdyhixqfwlrqv/ dqg
qrw wkhlu wlph0ghshqghqfh +dvvxphg wr eh ri vwdwlrqdu| irup,1
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Khuh d frqvwdqw sdudphwhu  kdv ehhq lqwurgxfhg1 Li  lv vhw htxdo wr 4/ wkh
vwdqgdug txdqwxp0phfkdqlfdo prphqwxp rshudwru lv uhfryhuhg> exw/ lq rxu
h{whqghg irupdolvp/ zh zloo dovr frqvlghu 0ydoxhv glhuhqw iurp 41 Wkhvh odvw
zloo eh ghwhuplqhg e| lpsrvlqj frqjuxhqfh ri wkh rshudwlrqdo uhvxowv zlwk wkh
ydulrxv htxdwlrqv wr eh pdwfkhg dw hdfk wlph1
E| htxdwlrqv +4, dqg +7, zh qrz ghqh wkh Kdplowrq rshudwru
KE+s/ {/ d,  45p s
5 .+{,. lds+{,p . l +4 d,
+{,
p s +8,
Wkh frqvwdqw sdudphwhu d dsshdulqj lq wklv htxdwlrq lv wr lqwurgxfh d olqhdu
pl{lqj ri wkh txdqwlwlhv s+{, dqg +{,s1 Wklv lv iru wkh vdnh ri jhqhudolw| +s
dqg +{, duh qrq0frppxwdwlqj rshudwruv,1 Lq vwdqgdug txdqwl}dwlrq surfhgxuhv/
lw lv jhqhudoo| uhfrpphqghg wr vhw wkh sdudphwhu d htxdo wr 425 e| wkh vdnh ri
v|pphwu|1 Lq rxu iudphzrun/ wkh ydoxhv iru d fdq/ lqvwhdg/ eh glhuhqw iurp
425 dqg udqjh 0 lq sulqflsoh 0 doo ryhu wkh hog ri uhdo qxpehuv +zh hyhq kdyh
d$4 lq vrph fdvhv,1 Wkh d ydoxhv lq wkh vhtxho zloo eh ghwhuplqhg/ wkh| wrr/
e| d vdnh ri frqjuxhqfh zlwk wkh dssursuldwh frqwh{wv1
Zh qrz lqwurgxfh d KE0hljhqixqfwlrq q+{,/ vroxwlrq ri wkh htxdwlrq
KE+s/ {/ d,q+{, @ Hqq+{, +9,
Wklv htxdwlrq fdq eh zulwwhq
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5p s




q+{, @ Hqq+{, +:,
Dv dqwlflsdwhg/ dprqjvw rxu sxusrvhv khuh wkhuh lv ghprqvwudwlqj wkdw htxdwlrq
+:, lv deoh wr uhvxow lqwr wkh txrwhg htxdwlrqv vhwv lq wkh sdshu= +7:,2+7;,
kroglqj iru wkh m@3 +VSQG, fdvh/ +66,2+67, ghvfulelqj wkh m@4 +RTPF, fdvh/
dqg +74,2+75, iru wkh m@5 +vr fdoohg GERHLL, fdvh1
Wr rxu hqg/ vshflf ghwhuplqdwlrqv iru wkh txdqwlwlhv / d/ +{, dffruglqj
wr hdfk ri wkh fdvhv dw kdqg zloo eh dvvxphg1 Qrwh wkdw wkh fdvh  @ 4/ +{,@ 3
wulyldoo| lghqwlhv wkh vwdqgdug txdqwl}dwlrq ri wkh sxuho| fodvvlfdo Kdplowrqldq/
uhvxowlqj lq wkh RTPF fdvh lqghhg> |hw zh duh vshflfdoo| lqfoxglqj wklv fdvh
lqwr rxu dqdo|vlv/ erwk iru wkh vdnh ri frpsdulvrq dqg ehfdxvh zh zdqw wr vkrz
wkdw lw lv dovr srvvleoh wr rewdlq wkh vwdqgdug zdyh0htxdwlrq e| d qrq0vwdqgdug
surfhgxuh zlwk +{,9@ 31
Zh kdyh dovr wr uhpdun wkdw lq htxdwlrq +:, wkh hqhuj| Hq zloo wdnh wkh
uroh ri dq KE0hljhqydoxh +lq wkh vwdqgdug pdwkhpdwlfdo vhqvh/ phdqlqj wkdw
lw fdq eh ghwhuplqhg e| vroylqj wkh htxdwlrq, lq wkh fdvhv m@4 dqg m@5 rqo|1
Wklv lv d yhu| zhoo nqrzq surshuw| lq wkh +RTPF, m@4 fdvh/ exw khuh zh zdqw
wr vwuhvv vshflfdoo| wkdw lw dovr krogv lq wkh +GERH, m@5 fdvh1 Lq wklv vshflf
uhvshfw/ lqghhg/ wklv odvw fdq eh pdgh pdwkhpdwlfdoo| htxlydohqw wr wkh RTPF/
dv glvfxvvhg lq ^7> 8`/ lq d uhjlrq ri vsdfh +fdoohg Uhjlrq LL, zkhuh wkh txdqwlw|
y7G wxuqv rxw sursruwlrqdo wr wkh txdqwxp ghqvlw|1
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Lq wkh m@3 fdvh/ lqvwhdg/ zh idfh d vlwxdwlrq zkhuh zh fdqqrw frqvlghu Hq dv
ghwhuplqhg e| wkh htxdwlrq lwvhoi +dw rxu suhvhqw lqyhvwljdwlrq vwdjh dw ohdvw,1
Lq rxu prgho e| qrz/ lw kdv wr eh wdnhq htxdo wr wkh dssursuldwh txdqwxp0
phfkdqlfdo hqhuj| hljhqydoxh e| dvvxpswlrq1
Dqrwkhu prvw lpsruwdqw uhpdun/ pluurulqj wkh rqh jlyhq lq ^8` +5, douhdg|/
lv dv iroorzv1 D frpsuhkhqvlyh ghvfulswlrq +wkurxjkrxw doo wkh ghqlwlrq vsdfh,
ri rxu GERH fdvh e| d txdqwxp irupdolvp zlwk d zdyhixqfwlrq ri wkh irup +;,
+6, kdv suryhg wrr pxfk lqyroyhg dqdo|wlfdoo|/ ehfdxvh wkh frh!flhqw  ghqhg
lq htxdwlrq +45, wxuqv wkhq rxw lqwr d ixqfwlrq ri {/ dqg lqh{wulfdeoh vhfrqg0
rughu qrq0olqhdu glhuhqwldo htxdwlrqv dulvh1 Rxu wuhdwphqw lv sodlqo| dqdo|wlfdo
zlwk  wdnlqj frqvwdqw ydoxhv1 Iruwxqdwho|/ lq rxu sk|vlfdo prgho 0 dv vkrzq lq
suhylrxv txrwhg uhihuhqfhv 0 wkh zdyhixqfwlrq ghqlwlrq vsdfh fdq eh glylghg
lqwr wzr Uhjlrqv/ L dqg LL +Uhjlrq L lv wkh lqwhuqdo rqh/ zkloh Uhjlrq LL lv
ghqhg dv wkh h{wuhph h{whuqdo erxqgdu| dwwdlqdeoh e| wkh sduwlfoh,1 Lq erwk
uhjlrqv/ w|slfdo +dv|pswrwlf, ehkdylruv ri  lq wkh GERH fdvh duh frqvwdqwv= lw
lv irxqg   4 lq Uhjlrq L/ dqg  @ 4@7 lq Uhjlrq LL/ vr wkdw wkh  yduldwlrq
yv { lv dfwxdoo| olplwhg wr wkh wudqvlwlrq }rqh ehwzhhq wkh wzr grpdlqv1 Iru
wklv uhdvrq/ zh fkrvh lq wklv sdshu wr lqyhvwljdwh wkh GERH fdvh rqo| lq wkh
Uhjlrq LL +GERHLL,/ zkhuh lv dhfwhg e|  @ 4@7> lq wkh rwkhu uhjlrq/ wkh vdph
frqwh{w zlwk   4 zrxog mxvw eh frq xhqw lqwr zkdw zh qg iru wkh VSQG
fdvh/ iru zklfk  @ 4 lqghhg1 Nhhslqj wklv lq plqg/ zh zloo kdyh frqfhswxdoo|
wr dvvxph wkdw d ixoo ghvfulswlrq ri wkh GERH fdvh dvnv iru dq lqwhusrodwlrq ri
uhvxowv dfurvv wkh wzr Uhjlrqv ri vsdfh1
6 Jhqhudo vroxwlrq
Htxdwlrq +:, fdq eh pdwkhpdwlfdoo| lqyhvwljdwhg iru glhuhqw ydoxhv ri sdudp0
hwhuv d/ /  zh pd| fkrrvh1 Iru wkh uhohydqw fdvhv wr xv/ rqh qgv wkdw d
qxpehu ri ydoxhv vhwv ghprqvwudwh deoh wr eulqj wklv htxdwlrq wr wkh ghvluhg
wv1 Vrphwlphv/ wkhvh vhwv zloo dsshdu udwkhu h{rwlf iru sk|vlfdo lqwhusuhwdwlrq
ru dgkhuhqfh wr nqrzq uhihuhqfhv/ vr wkdw lq d qdo vhfwlrq d uhhoderudwlrq eulqj0
lqj wr pruh sodqh flufxpvwdqfhv zloo eh jlyhq +fdvh F,1 E| rxu lqyhvwljdwlrqv/
krzhyhu/ zh kdyh irxqg wkdw lqwhuhvwlqj fdvhv duh rewdlqhg erwk lq wkh olplw
$ 3 +fdvh D, dqg  9@ 3 +fdvhv E dqg F,1 Zh zloo glvfxvv zlwk pdwkhpdwlfdo
ghwdlov doo ri wkhp1 Rq wkh lqwhusuhwdwlyh ohyho/ d frpsdulvrq ehwzhhq wkhp zloo
dovr eh shuiruphg1 Wklv lv dovr ghpdqghg wr wkh qdo vhfwlrq lq wkh sdshu 0
zkhuh wkh prvw lpsruwdqw uhvxowv zloo eh frqfoxvlyho| glvfxvvhg1
Lq rughu wr vroyh htxdwlrq +:, wkh iroorzlqj dqvdw}v dqg v|perov zloo eh xvhg=
q+{,  +{, @ 	s h{s ^lU+{,@k` +;,
5Wkh flufxpvwdqfhv h{srxqghg lq wkh yhu| iroorzlqj kdyh lqghhg ehhq h{sorlwhg douhdg|
lq wkdw sdshu/ zkhuh vrph ghwdlov pruh fdq eh irxqg1
6 l1h1 pdwfklqj wkh Frshqkdjhq lqwhusuhwdwlrq= wkh vtxduhg prgxoxv lv wkh ghqvlw|1
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3+{, @ 5fp+{,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Wkh ydulhw| ri v|perov dqg frqvwdqwv lv gxh wr rxu vdnh ri v|qwkhwlf dqdo|vlv
ri doo wkh fdvhv wrjhwkhu= dv d pdwwhu ri idfw/ wkh pdwkhpdwlfdo surfhgxuhv duh
xqlhg/ exw wkh sk|vlfdo phdqlqj ri dqdorjrxv txdqwlwlhv lv glhuhqw dqg wkh|
pxvw eh nhsw glvwlqjxlvkhg1 Lq wkhvh dqg iroorzlqj htxdwlrqv/ wkh lqgh{ q lq
sulqflsoh dhfwlqj doo wkh txdqwlwlhv lv gursshg r e| vlpsolflw|1 Wkh lqgh{ m
kdv ehhq lqwurgxfhg lqvwhdg lq wkh irupdolvp/ vr wkdw wklv odvw ehfrphv deoh
wr dffrxqw lq d jhqhudo zd| iru hdfk ri wkh wkuhh fdvhv zh duh lqwhuhvwhg lq1
Wkh fdvhv zloo eh krzhyhu dovr dqdo|}hg rqh0e|0rqh lq wkh qh{w vhfwlrqv1 Lq
htxdwlrq +43,/ f lv vrph dssursuldwh frqvwdqw wr eh ghwhuplqhg iru hdfk fdvh/
dqg wkh rwkhu txdqwlwlhv zloo eh lqwurgxfhg vwhs e| vwhs1 Lq wkh vdph htxdwlrq/
wkh idfwru 5 lv gxh wr wkh ghqvlw| ghqlwlrq1 Wkh ghqvlw| lqfoxghv lqghhg wkh
wzr frxqwhuprylqj sduwlfohv vwuhdpv lq wkh vsdfh grpdlq Y- dydlodeoh wr wkh





+{,g{ @ 4 +44,
Wkh yroxph0 rz udwh +{, pd| dvvxph d ixqfwlrqdo ghshqghqfh rq { ru d frq0
vwdqw ydoxh 3 9@ 3 lq wkh glhuhqw fdvhv uhohydqw wr xv1 Zkhq wkh GERH ru
wkh VSQG fdvhv zloo eh dw kdqg/ zh zloo dvvljq wr wkh skdvh ixqfwlrq ghulyd0
wlyh uU@ wkh uroh ri fodvvlfdo0olnh prphqwd/ vhh htxdwlrqv +75, dqg +7;,1 Zh
uhfdoo wkdw/ sk|vlfdoo|/ wkh yhorflw| hog yG dsshdulqj lq wkh GERH fdvh lv wkhvwdwlvwlfdo dyhudjh yhorflw| ri dq rshq jurxs ri sduwlfohv lq rxu prgho= lw fdq
eh h{suhvvhg dv d ixqfwlrq ri wkh ghqvlw| +{,25 dqg yroxph  rz0udwh +{,/ lq
djuhhphqw zlwk wkh vwdwlrqdu| frqwlqxlw| htxdwlrq1 Lq wkh VSQG fdvh/ frq0
yhuvho|/ wkh yhorflw| hog y+{, fruuhvsrqgv wr  @ 3 @ frqvw dqg uhsuhvhqwv wkh
vlqjoh0sduwlfoh wlph0odz g{2gw1
Wr eh ghqhg/ zkhq zh txrwh wkh RTPF rshudwlrqdo iudph zh kdyh lqvwhdg
nhsw wkh ghvfulswlrq dgkhuhqw wr wkh ruwkrgr{ lqwhusuhwdwlrq ri txdqwxp ph0
fkdqlfv/ e| zklfk zh vkrxog qrw eh doorzhg wr lqwhusuhw wkh txdqwxp dfwlrq
ghulydwlyh uV dv d sduwlfoh yhorflw| hog +8,1
Lq wkh GERH iudph/ d vwdwlvwlfdo0hhfwlyh pdvv pGhii lv lqwurgxfhg +vhh htxd0wlrq +9, lq sdshu L,1 Wklv whup jhqhudoo| glvsod|v d ghshqghqfh rq {1 Exw lq
Uhjlrq LL zkhuh rxu fdofxodwlrqv duh hhfwlyh/ pGhii kdv wr eh vhw htxdo wr }hurlq sudfwlfh +wklv lv iru frqjuxhqfh zlwk txdqwxp phfkdqlfdo zdyhixqfwlrqv zlwk
frqvwdqw skdvh V/ wkh sulpdu| fdvh ri lqwhuhvw wr xv,1 Rq wkh rwkhu kdqg/ hyhq
7Zh uhfdoo wkdw rxu sk|vlfdo frqwh{w lv d xql0glphqvlrqdo rqh1
8Exw dfwxdoo|/ pdq| prghuq dxwkruv dqg rxuvhoyhv lq rxu prghov eholhyh 0 iroorzlqj wkh
nqrzq Erkp ^S y 2` lqwhusuhwdwlrq 0 wkdw Qhzwrqldq yhorflw| hogv duh lqvwhdg lpsolfdwhg
lqwr wkh txdqwxp phfkdqlfdo skdvh judglhqw Q71
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lq Uhjlrq L/ e| wkh txrwhg dqdorj| zlwk wkh VSQG fdvh dqg mxvw dw rxu suhvhqw
lqyhvwljdwlrqv vwdjh/ zh zloo wdnh d frqvwdqw ydoxh1 E| xqliruplw| dqg vlpsolflw|
ri sk|vlfdo lqvljkw/ wkhuhiruh/ wkh hhfwlyh pdvvhv lq erwk iudphzrunv zloo eh
wdnhq dorqj/ dqg surfhvvhg/ dv frqvwdqwv wkurxjkrxw wkh sdshu1
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Wklv odz + @ 4@7/ Uhjlrq LL, kdv ehhq irxqg lq uhihuhqfh ^7`1
Wkh fruuhvsrqglqj uhodwlrqvkls iru wkh +{,@ 3 @ frqvw fdvhv lpsolhv lq0







Wklv odz fkdudfwhul}hv erwk wkh VSQG dqg RTPF fdvhv +lq wklv odvw fdvh/ wkh
 rz 3 lv/ ruwkrgr{o|/ d txdqwxp suredelolw| ghqvlw|  rz,1
Iru pdq| ri wkh fdvhv wr eh wuhdwhg lq wklv sdshu/ zh zloo xvh wkh iroorzlqj
pdwkhpdwlfdo surfhgxuh1
Zh xvh htxdwlrqv +7,/ +;,+43,/ +45, lqwr htxdwlrq +:,/ dqg wkh dqvdw}
5+{, @ U3 +48,
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Wkh frh!flhqw D +d frpiruwdeoh dx{loldu| txdqwlw|, lv mxvw ghqhg e| wkh vdph
htxdwlrq +49, zkloh wkh frh!flhqw  lv jlyhq e| wkh h{suhvvlrq
 @ 5 +4;,
Khuh djdlq/ wkh ydulhw| ri wkh frh!flhqwv lv reoljhg wr phujh lqwr glhuhqw
dqdo|vlv sdwkv1 Htxdwlrqv +49, dqg +4:, fdq qrz eh vshflhg iru glhuhqw fkrlfhv
ri wkh frh!flhqwv / d dqg ri wkh ixqfwlrq 5+{, +l1h1/ ri ydoxhv,1 Wkh fkrlfhv
zloo lpso| glhuhqw ghwhuplqdwlrqv ri / D dqg 4+{, frqvhtxhqwo|1 H{suhvvlrqv
iru wkh frh!flhqwv zh kdyh xvhg fdq eh irxqg lq htxdwlrqv +57,  +63, +uhohydqw
wr wkh fdvh D lq wkh qh{w vxevhfwlrq,/ dqg lq dqrwkhu vxevhfwlrq +uhohydqw wr wkh









































Wklv jhqhudo uhvxow zloo eh dqdo|}hg lq wkh qh{w vhfwlrqv zkhuh doo rxu fdvhv ri
lqwhuhvw zloo eh glvwlqfwo| h{dplqhg1 Dv lv fohduo| vkrzq lq wkh odvw htxdwlrq/
iru doo wkh fdvhv zh +sxusrvho|, vhw wkh frh!flhqw  htxdo wr 5/ vr wkdw wkh








@ Hq +{, +55,
Htxdwlrq +49, qrz dovr uhdgv
uV @ frqvw 
+d 45,D
d4 @ frqvw 4. +56,
Htxdwlrqv +49,+56, duh frqfoxvlyho| wkh jhqhudo uhvxow zh kdyh ehhq deoh wr re0
wdlq e| phdqv ri wkh txdqwl}dwlrq surfhgxuh h{suhvvhg e| htxdwlrq +:,/ wrjhwkhu
zlwk wkh srvlwlrqv +;,+48, dqg  @ 5 1
Vlqfh zh dhfwhg zlwk dq lqgh{ m rxu glhuhqw frqwh{wv/ zh kdyh wr nhhs lq
plqg wkdw iru hdfk ri wkhp wkh txdqwlw|  fdq eh irxqg doo dfurvv wkh sdshu e|
wkh khxulvwlf htxdwlrq  @ 4 . 8m+m  4,@;1
614 Vroxwlrqv zlwk j ' f +fdvh D,




dD @ +m  4, +m  5, 849 +59,
d @ 85m+m  4, .
8




5d @ m+5 m, +5;,
7
8 + . 5,
4
5d @ m +5<,
 @ 5 +63,
Wkh sdudphwhu  kdv ehhq hylghqfhg lqwr wkh prphqwxp 5+{, ghqlwlrq vr
wkdw wklv txdqwlw| jrhv wr }hur zlwk 1 Wkh txdqwlw| 4+{, jrhv wr }hur dv zhoo1
Rxu htxdwlrqv zloo lqghhg surylgh wkh phdqlqjixo uhvxowv lq wkh olplw $ 31 Wkh
sdudphwhu  lv wkh frh!flhqw ghqhg lq htxdwlrq +53, exw lv vlpso| fruuhodwhg
+e| rxu srvlwlrq, wr wkh sdudphwhu  lq wkh frqwh{w ri wkh suhvhqw vhfwlrq1
Wkh suhylrxv htxdwlrqv jlyh wkh +prvw lqwhuhvwlqj$0e| qrz +9,, uhodwlrqvklsv
zh kdyh irxqg/ olqnlqj wkh glhuhqw sdudphwhuv hqfrxqwhuhg lq rxu dqdo|vlv/ lq
rughu wkdw wkh wkuhh fdvhv ri lqwhuhvw duh ghvfulehg e| rxu irupdolvp1 Wkh|
kdyh wr eh frqvlghuhg dv vlpsoh dqvdw}v zh kdyh irxqg wr surylgh dq xqlhg
irupdolvp lqfoxglqj doo wkh uhohydqw fdvhv1
Lq rughu wr pdnh fohdu krz wr xvh wkh htxdwlrqv/ zh qrwh uvw wkdw lq vrph
fdvhv wkh| ghvfuleh dv|pswrwlf ehkdylruv = i1l1/ htxdwlrq +5;, phdqv wkdw lq fdvh
m@3 wkh txdqwlw| d $ 41 Frqvhtxhqwo|/ htxdwlrq +5:, vkrzv wkdw  jrhv wr
}hur dv 82;d5 zkloh D jrhv wr }hur dv 82+;d, +htxdwlrq +59,, hwf1 Wkhq rxu
htxdwlrqv +57,+63, duh mxvw glvsod|hg lq vxfk d zd| wkdw/ rqfh d ydoxh ri m
kdv ehhq fkrvhq/ doo wkh uhohydqw sdudphwhuv ydoxhv +ru ehkdylruv, fdq eh hdvlo|
irxqg e| wkh uhdghu1
9Dv uhpdunhg douhdg|/ wkh sdudphwhuv dqg wkhlu uhodwlrqvklsv/ eulqjlqj wr wkh ghvluhg wv
zlwklq wkh frqwh{w ri wklv sdshu/ duh qrw xqltxh qru h{kdxvwhg e| rxu fkrlfhv1 Dw suhvhqw
zh duh qrw deoh wr jlyh vshflfdo sk|vlfdo phdqlqj wr doo ri wkh glhuhqw txdqwlwlhv b/ /
@ hwf1 Ghhshu dqdo|vlv/ li zruwkzkloh/ vkrxog eh shuiruphg lq rughu wr suhflvh d vhohfwlrq
ri sdudphwhuv vhwv rq wkh edvlv ri wkhlu srvvleoh sk|vlfdo uhohydqfh1 Krzhyhu dw wkh hqg
ri sdshu/ zkhuh d udwkhu glhuhqw exw rswlpdosurfhgxuh lv sursrvhg/ hdvlhu lqwhusuhwdwlyh
flufxpvwdqfhv zloo eh irxqg1
;
Qrwh khuh 0 dv d qdo uhpdun derxw rxu srvlwlrqv 0 wkdw wkh prphqwxp +{,
wxuqv rxw wr eh d olqhdu frpelqdwlrq ri wkh wzr fkdudfwhulvwlf prphqwd k3@5
dqg U3@ zklfk fdq eh lghqwlhg lqwr wkh +{, h{suhvvlrq +;, =
+{, @ 4+{, . l5+{, @ Dk5
3+{,
+{, . luU +64,
Wklv flufxpvwdqfh lv dqdorjrxv wr zkdw zh kdyh irxqg lq d suhylrxv glvfxvvlrq
lqyroylqj htxdwlrq +:;, lq sdshu L ri wklv zrun1
Qrz zh glvfxvv wkh wkuhh sk|vlfdo fdvhv ri lqwhuhvw wr xv1
61414 Wkh ruwkrgr{ txdqwxp phfkdqlfdo fdvh +RTPF/ m @ 4 ,
Zh uvw zdqw wr vkrz khuh wkdw wkh RTPF/ ru wkh vwdqgdug txdqwxpphfkdqlfdo
pdwwhu0zdyh htxdwlrq/ fdq eh uhfryhuhg xvlqj wkh suhylrxv irupdolvp1 Rxu
vwdwhphqw khuh pd| orrn uhgxqgdqw +zkhq zh vhw  @ 3 dqg  @ 4 lq htxdwlrqv
+7,+8,/ zh reylrxvo| uhfryhu wkh zhoo nqrzq/ vwdqgdug txdqwl}dwlrq surfhgxuh
ri wkh fodvvlfdo Kdplowrqldq,1 Krzhyhu/ lq wklv vhfwlrq zh zdqw eulh | wr surylgh
doo wkh uhohydqw fruuhodwlrqv ehwzhhq rxu sursrvhg iudphzrun dqg wkh vwdqgdug
txrwhg fdvh1 E| wkh phdqv ri wkh suhylrxv htxdwlrqv/ wdnlqj wkh m@ 4 lqgh{ fdvh
lq htxdwlrqv +57,+63,/ zh qg wkh iroorzlqj ydoxhv iru wkh uhohydqw frh!flhqwv
=
 @ 5 @ 5s @ 5d @  @ 4 +65,
Khuh zh gr qrw qhhg wr ghqh wkh frh!flhqwv  dqg f/ exw zh fdq vhw wkhp







@ Hq +{, +66,
+{,uV @ frqvw  5p3 +67,
Wr zulwh wkhvh htxdwlrqv zh kdyh dovr lghqwlhg rxu zdyhixqfwlrq zlwk d
vwdqgdug txdqwxp zdyhixqfwlrq vr wkdw wkh skdvh U@ @ V kdv ehhq vhw htxdo
wr wkh txdqwxp phfkdqlfdo skdvh V=
+{, @ 	s h{s ^lU@ +k,`  	s h{s ^lV@k` +68,
Dv douhdg| fohdu/ zlwk wkh ydoxhv +65, dqg wkh srvlwlrq +68,/ wkh surfhgxuh frphv
wr frlqflghqfh zlwk wkh nqrzq vwdqgdug txdqwl}dwlrq= wkhq wkh RTPF frqwh{w
lv uhfryhuhg dqg wkh ruwkrgr{ txdqwxp0phfkdqlfdo htxdwlrqv lq wkh Pdghoxqj
irup duh rewdlqhg1
<
61415 Wkh guliwlqj Ehuqrxool rvfloodwruv hqvhpeoh fdvh +GERHLL/ m @
5,
Khuh zh zloo xvh wkh iroorzlqj htxdwlrqv/ rewdlqhg iurp +57,+63, iru m@5=
 @ 5 @ 5s @ 4 45d @ 7 @ 4 +69,
Zh xvh pruhryhu

 @ f @
upGhii
p +6:,































Wr rewdlq wkhvh htxdwlrqv/ khuh zh kdyh dovr dvvljqhg/ e| wkh srvlwlrq h{suhvvhg
lq wkh uvw wkuhh whupv ri htxdwlrq +75, lwvhoi/ wr uV dqg uU wkh uroh ri
fodvvlfdo0olnh prphqwd sursruwlrqdo wr wkh guliw yhorflw| yG+{,1 Zlwk wkhvhhtxdwlrqv/ wkh GERHLL frqwh{w lv wkhuhiruh irxqg uhsurgxfhg e| wkh surfhgxuh1
61416 Wkh vlqjoh0sduwlfoh Qhzwrqldq fdvh +VSQG/ m @ 3,






5 @  @ 4 +76,
d5 $ 8; $4 +77,
43
dD$ d5 $ 8; +78,
Zh dovr xvh=
 @ f @
uphii
p +79,






















Khuh zh kdyh lghqwlhg/ e| srvlwlrq/ wkh skdvh judglhqw uV zlwk wkh
fodvvlfdo0olnh prphqwxp ghqlwlrq spphiiy+{,1 Zlwk wkhvh htxdwlrqv/ wkh
VSQG frqwh{w lv uhfryhuhg e| wkh surfhgxuh1
61417 Uhpdunv dqg glvfxvvlrq
Iru wkh vdnh ri uljru/ zh kdyh wr pdnh dq lpsruwdqw frpphqw wr wkh fdvhv m@3
dqg m@5 khuh glvfxvvhg1 Zh fdqqrw orrn dw wkh surfhgxuh glvsod|hg iru wkhvh
fdvhv dv wr d txdqwl}dwlrq surfhgxuh dssolhg wr wkh fodvvlfdo0olplw Kdplowrqldq1
Lq wkh suhvhqw frqwh{w/ lqghhg/ wkh phdqlqjixo htxdwlrqv duh irxqg lq wkh olplw
 $ 3 dqg wkh ixqfwlrq  lwvhoi wxuqv rxw wr eh }hur lq wklv olplw1 H{suhvvlrq
+4, dfwxdoo| uhgxfhv wr wkh sxuho| fodvvlfdo Kdplowrqldq lq wkh  $ 3 olplw1
Exw/ zkhq ghyhorslqj wkh txdqwxp surfhgxuh zlwk wkh Kdplowrqldq +4,$ +8,/
zh uvw vwduwhg zlwk  9@ 3> zh lqwurgxfhg wkh sdudphwhu d/ wkhq zh wrrn wkh
olplw ri rxu htxdwlrqv iru  $ 3 dqg d $ 41 Wkhq wkh surfhgxuh surylghv
d whup d34 9@ 3 lq htxdwlrq +4:, zklfk zrxog qrw dsshdu li zh vwduwhg/ lqhtxdwlrq +4,/ zlwk  @ 31 Vlqfh krzhyhu wkh hhfwlyh ydoxh ri  lv }hur/ zh duh
lq d vlwxdwlrq zkhuh wkh surfhgxuh vwduwv zlwk  9@ 3 zkloh wkh fruuhvsrqglqj
fodvvlfdo0olplw Kdplowrqldq lv d glhuhqw h{suhvvlrq/ dfwxdoo| wkh sxuho| fodvvlfdo
rqh1 Pruhryhu/ wkh  h{suhvvlrq +64, lqfoxghv d ghshqghqfh rq wkh txdqwxp
dfwlrq k/ vr wkdw wkh whup d3 lwvhoi fdqqrw eh frqvlghuhg dv d fodvvlfdo0olnh
txdqwlw|1
D vlplodu vlwxdwlrq +wkh  h{suhvvlrq lqfoxglqj k, zloo dovr eh irxqg lq wkh
qh{w vhfwlrq/ zkhuh d txdqwl}dwlrq surfhgxuh zlwk  9@ 3 lv sursrvhg1
Wkhvh flufxpvwdqfhv suhyhqw xv khuh iurp vwdwlqj zkdw zh zrxog frqvlghu
dq lqwhuhvwlqj surshuw| ri wkh txdqwl}dwlrq= wkdw wkh k0ghshqghqw hhfwv ri wkh
lqwhudfwlrq duh mxvw wdnhq rxw ri wkh SKPH Kdplowrqldq +5, 0 dowkrxjk rxu vwduw0
lqj srlqw lq wkh surfhgxuh lv txlwh forvh wr wkdw1 Wkh vdph flufxpvwdqfhv/
krzhyhu/ duh lq djuhhphqw zlwk wkh idfw wkdw d txdqwxp phfkdqlfdo frqwh{w lv
44
jhqhudoo| frqvlghuhg dv wkh rqh ghvfulelqj wkh sulpdu| sk|vlfv 0 wkh fodvvlfdo
phfkdqlfv ehlqj rqo| frqvlghuhg dv d shfxoldu olplw ri wkh txdqwxp rqh iru k
$ 31 Exw lq wklv frqfhuq/ dq rssrvlwh srlqw ri ylhz fdq dovr eh wdnhq/ dqg lq
vrph uhvshfwv wklv lv mxvw wkh rqh zh surprwh lq rxu sdshuv= wkdw wkh RTPF
frqwh{w fdq eh uhfryhuhg dqg lqwhusuhwhg rq wkh edvlv ri d fodvvlfdo prwlrq
edfnjurxqg ehorz wkh pdwwhu0zdyh ehkdylru1 Rqh pljkw wkhuhiruh dssuhfldwh
pxfk pruh kdylqj dydlodeoh d surfhgxuh vwduwlqj zlwk d yhu| ghqlwh fodvvlfdo0
olnh Kdplowrqldq/ dqg deoh wr wdnh rxw k0ghshqghqw hhfwv e| wkh phdqv ri d
vlpsoh txdqwl}dwlrq suhvfulswlrq1 Wklv lv dfwxdoo| zkdw zh zloo eh deoh wr gr
lq wkh vhfwlrq fdvh F1 \hw zh kdyh wr uhpdun/ dw wkh vdph wlph/ wkdw lq d
iudphzrun zkhuh txdqwxp hhfwv duh uhgxfhg wr fodvvlfdo rqhv/ wkh txdqwxp
surfhgxuh orrvhv lwv devroxwh fkdudfwhu/ dqg wkh Sodqfn*v frqvwdqw lwvhoi zloo
wxuq rxw hperglhg lqwr d frpsuhkhqvlyh fodvvlfdo0olnh ghvfulswlrq1 Wkh SKPH
frqwh{w lwvhoi/ wkhuhiruh/ vkrxog lq dq| zd| qrw eh frqvlghuhg dv wkh devroxwh
vrxufh ri zkdw zh fdoo wkh glvwdqw hhfwv ri wkh ydfxxp lqwhudfwlrq= wklv odvw
vlpso| frqvwlwxwhv ri d frpsuhkhqvlyh dfwlrq zlwk d ihz glvwlqjxlvkhg dsshdu0
dqfhv zklfk zh kdyh lghqwlhg/ lq wkh wkhruhwlfdo frqwh{w/ lq rughu wr surylgh d
ghwdlohg ghvfulswlrq1
Ixuwkhu glvfxvvlrq derxw wkhvh srlqwv zloo vwloo eh irxqg lq wkh frqfoxvlyh
vhfwlrqv1 Dv dgydqfhg/ dq rswlpl}hg irupdolvp +fdvh F, zloo eh lqwurgxfhg/
deoh wr lpsuryh rxu iudphzrun shuirupdqfhv lq glhuhqw uhvshfwv1 Exw wkh
lqwhuhvw ri wkh glvsod|hg txdqwl}dwlrq surfhgxuh zlwk  @ 3 pxvw eh vwuhvvhg
krzhyhu1 Lqghhg/ wklv fdq eh uhvxphg e| wkh revhuydwlrq wkdw wkh txdqwl}dwlrq
ri d sxuho| fodvvlfdo Kdplowrqldq + @ 3, jhqhudoo| surfhhgv e| fkrrvlqj d @425
dqg uhvxowv lq wkh ruglqdu| txdqwxp phfkdqlfv1 Li d $4 lv fkrvhq lqvwhdg/ lq
wkh surfhgxuh iru d Ehuqrxool0olnh Kdplowrqldq d olplw ydoxh iru d 9@ 3 fdq eh
h{sorlwhg/ dqg zh duh deoh wr uhvxow lqwr wkh VSQG ru GERH frqwh{wv1
615 Vroxwlrqv zlwk j 9' f +fdvh E,
Dv uhpdunhg douhdg|/ dffrpsolvklqj rxu wdvnv fdq dovr eh grqh xvlqj glhuhqw
vhwv ri sdudphwhuv ydoxhv1 Khuh zh lqyhvwljdwh wkh fdvh zkhuh  9@ 3 +fdvh E,1
Zh zloo wdnh glhuhqw sdwkv iru wkh m@5 fdvh dqg wkh wzr rwkhu fdvhv1 Wkh
glhuhqw fdvhv duh vhsdudwho| glvfxvvhg lq wkh qh{w vhfwlrqv1
61514 Wkh ruwkrgr{ txdqwxp phfkdqlfdo fdvh +m @ 4,
Lq fdvh E lw grhv qrw wxuq rxw srvvleoh wr pdwfk wkh RTPF htxdwlrqv vhw
+66,2+67, e| wkh phdqv ri wkh dqvdw} +48,/ zlwk U3 9@ 3/ dqg nhhslqj wkh
ydoxh iru  htxdo wr 41 Wklv uhtxluhphqw lv qhfhvvdu| wr suhvhuyh wkh txdqwxp
prphqwxp hog ghqlwlrq isq+{,j @q+{,  uV lk3@5 dv lw lv phdqlqjixo
lq wkh RTPF frqwh{w1 Krzhyhu/ lw fdq eh hdvlo| fkhfnhg e| wkh uhdghu wkdw klv
odvw fdq eh uhfryhuhg xvlqj wkh suhylrxv htxdwlrqv +7,+43, dqg wkh srvlwlrq
 @ frqvw5q @ frqvw 4h{s ^5lV@k` +7<,
45
zkdwhyhu wkh frqvw ydoxh lv1 Zh duh doorzhg wr wdnh khuh
 @ 5d @ 4 +83,
Zh gr qrw qhhg wr ghqh  dqg f/ dqg zh fdq vhw wkhp htxdo wr xqlw| e|
vlpsolflw|1 Wkh zdyhixqfwlrq q vwloo lghqwlhv zlwk wkh vwdqgdug txdqwxp rqh/
vr wkdw wkh skdvh U@ lv htxdo wr wkh txdqwxp phfkdqlfdo skdvh V1 Zlwk wkhvh
srvlwlrqv/ iurp htxdwlrqv +7<,+83, xvhg lqwr +7,+43,/ zh qg wkh Pdghoxqj
htxdwlrqv vhw +66,2+67, djdlq1
Wkh uhpdundeoh frqfoxvlrq khuh lv wkdw wkh vwdqgdug txdqwxp0phfkdqlfdo
Pdghoxqj htxdwlrqv fdq eh rewdlqhg e| d qhduo| ruwkrgr{ +:, txdqwl}dwlrq
ri wkh Ehuqrxool fodvvlfdo Kdplowrqldq +4,/ exw zlwk  9@ 3/ jlyhq e| htxdwlrq
+7<,1
61515 Wkh guliwlqj Ehuqrxool hqvhpeoh fdvh +m @ 5,
Lw lv qrw srvvleoh wr qg d vroxwlrq ri htxdwlrq +:, jryhuqhg e| wkh vdph dqvdw}
+48, +zlwk U3 9@ 3,/ wwlqj wkh GERHLL fdvh htxdwlrqv/ zkloh nhhslqj d ydoxh
iru d htxdo wr 4251 Li zh wdnh vrph glhuhqw ydoxhv iru d/ lqvwhdg/ zh fdq qg
vrph vroxwlrqv1 Zh zloo qrw glvfxvv wkhp khuh1 Li zh wdnh d glhuhqw iurp 425/
lqghhg/ zh duh qrw deoh wr vhw xs d vroxwlrq hqforvlqj d whup ri wkh irup +7<,1
Wklv flufxpvwdqfh pdnhv khuh wkh vroxwlrqv zlwk d 9@ 425 qrw yhu| lqwhuhvwlqj
wr rxu pdlq sxusrvh ri nhhslqj/ iru xvhixo frpsdulvrq/ wkh GERHLL wuhdwphqw
dv qhdu dv srvvleoh wr wkh RTPF fdvh1 Krzhyhu/ wklv odvw uhtxluhphqw zloo
eh qhlwkhu vdwlvhg lq wkh iroorzlqj dqdo|vhv1 Wkhq zh vzlwfk rq d vrphzkdw
glhuhqw iudph qrz1
D frxsoh +l/ll, ri uhpdundeoh fdvhv lv wkh iroorzlqj=
l, zh fdq vwduw wkh surfhgxuh zlwk wkh iroorzlqj Kdplowrqldq=
KE+s/{, @ 45p s
5 . ls p . lV+{, . +{, @ Hq +84,
V+{, @ 8k5pV
33+{, +85,
Wklv Kdplowrq ixqfwlrq dqg srwhqwldo V kdyh douhdg| ehhq lqwurgxfhg lq sdshu
L ri wklv zrun1 Zh kdyh vkrzq wkhuh wkdw d fodvvlfdo0olnh wuhdwphqw ri wkh
Ehuqrxool ixqfwlrq +84, 0 iru wkh m@3 dqg m@5 fdvhv 0 lv pruh lqwhuhvwlqj/ rq d
pdwkhpdwlfdo v|pphwu| dqg sk|vlfdo xqghuvwdqglqj srlqwv ri ylhz/ wkdq wkh
rqh edvhg rq wkh irup +4,1 E| rshudwlqj wkh irup +84, zlwk wkh txdqwl}dwlrq
surfhgxuh +7,+;,> xvlqj  ghqhg e| wkh vdph htxdwlrq +7<,/  @ 4/ d @ 4@5




ppGhiiyG+{,/ zh zloo qg djdlq rxu
uhihuhqfh vhw +74,2+75,1
:Zh phdq khuh wkdw htxdwlrqv +;, dqg +83, dw ohdvw duh lghqwlfdo wr zkdw zh kdyh lq d
vwdqgdug txdqwl}dwlrq1
46
ll, zkhqhyhu zh vwduw iurp wkh irup +4,/ zh fdq qg d vroxwlrq wdnlqj  @ 4/









Khuh djdlq/ wkh frqvw ydoxh lv duelwudu| dqg fdq eh vhw htxdo wr 3 e| wkh vdnh
ri vlpsolflw|1
Wkh wzr fdvhv vr idu h{srxqghg orrn irupdoo| glhuhqw> |hw zh qrwh wkdw
wkh| duh vwulfwo| fruuhodwhg wr hdfk rwkhu/ ehfdxvh wkh h{suhvvlrq +87, iru wkh
vxssohphqwdo ixqfwlrq V lv dfwxdoo| wkh rqh eulqjlqj wr htxlydohqfh wkh irup
+:, dqg +84, +diwhu txdqwl}dwlrq,1
61516 Wkh vlqjoh0sduwlfoh Qhzwrqldq fdvh +m @ 3,
Lq wkh VSQG fdvh/ vroxwlrqv wr htxdwlrq +:, jryhuqhg e| wkh dqvdw} +48, +zlwk
 glhuhqw iurp 3, h{lvw exw wkh| uhtxluh vhwwlqj xs lqyroyhg h{suhvvlrqv iru
d dqg / pruhryhu lpso|lqj vrph ghshqghqfh rq wkh phii sdudphwhu1 Lq wkh
fdvh dw kdqg khuh/ zh frqvlghu qrw qhfhvvdu| wr nhhs d @ 4@5 ru  @ 4 +;,/
ehfdxvh wkh VSQG frqwh{w lv txlwh glhuhqw iurp wkh RTPF fdvh1 Dprqjvw
rwkhu srvvlelolwlhv/ zh jlyh khuh h1j1 wkh sdudphwhuv fruuhvsrqglqj wr d vroxwlrq
zlwk
5+{, @ U3 @
sp2py+{, +88,
p@ pphii lv wkh KGI0lqgxfhg pdvv ghihfw lq rxu sk|vlfdo wkhru|1
Sdudphwhu ydoxhv duh jlyhq e| wkh iroorzlqj htxdwlrqv +vwloo uhihuuhg wr wkh
irupdolvp ghsor|hg lq htxdwlrqv +48,+56,/ exw uhplqg d ydoxh glhuhqw iurp
}hur qrz krogv,=






5 @ 4 +8:,





; Lq wkh iroorzlqj vhfwlrq/ krzhyhu/ zh zloo vhh wkdw dq dqvdw} glhuhqw iurp htxdwlrq +;,
zloo doorz xv wr wuhdw wklv fdvh e| wkh phdqv ri wkh vwdqgdug ydnxhv @ ' *2 dqg k ' 1
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5 @ 494 .   5d +8<,
Xqiruwxqdwho|/ zh kdyh khuh d 8wk rughu htxdwlrq iru =
+8 : . 55,5 . phiip +83 . 473 
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5 
5 . 9:5 




5 +58 :3 . 4965 
5  445 
6  65:49 
7  <8, @ 3 +93,
Frqfoxvlyho| htxdwlrqv +7:,2+7;, fdq eh uhfryhuhg e| wkh phdqv ri wkh suhylrxv
srvlwlrqv/ iurp zklfk zh qg dovr
4+{, @ k49
k
6 s<5 . 73
l 3+{,
+{, +94,
Dv uhpdunhg douhdg|/ wkh suhylrxv h{suhvvlrqv orrn txlwh lqyroyhg/ dqg pdnh
sk|vlfdo lqwhusuhwdwlrq ri wkh glhuhqw sdudphwhuv yhu| kdug +dowkrxjk d sodqh
fdvh lv surylghg e| phii @ 3/ lpso|lqj  @ 8@5 dqg d @425,1 Wkhuhiruh/ zh duh
eurxjkw wr dvn li dvvxplqj dv d vwduw Kdplowrqldq wkh rqh lq +84,/ ru vhdufklqj
iru vrph rwkhu ixqfwlrq  zrxog qrw eulqj xv wr hdvlhu flufxpvwdqfhv/ mxvw dolnh
zh kdyh irxqg zkhq rshudwlqj wkh GERH fdvh1 Wkh dqvzhu wr wkh txhvwlrq
lv d!updwlyh exw/ iru hdvlhu pdwkhpdwlfdo kdqgolqj/ zh irxqg wkdw wkh ehvw lv
jlylqj xs htxdwlrq +;, dqg dvvxplqj d jhqhudol}hg irup iru rxu zdyhixqfwlrqv
q1 Wkh vxemhfw lv glvfxvvhg lq wkh qh{w vhfwlrq/ zkhuh d qdo rswlpl}hg
irupdolvp lv lqwurgxfhg1
61517 Uhpdunv dqg glvfxvvlrq
D qdo uhpdun frqfhuqlqj wkh suhvhqw vxevhfwlrq/ zkhuh  9@ 3 fdvhv kdyh ehhq
frqvlghuhg/ kdv krzhyhu douhdg| ehhq dgydqfhg= wkh  h{suhvvlrqv zh kdyh
irxqg duh qrw sxuho| fodvvlfdo rqhv ehfdxvh wkh| lqfoxgh k0ghshqghqw whupv1
Wkh srwhqwldo V+{, lwvhoi +85, zh kdyh lqwurgxfhg lq wkh vwduw Kdplowrqldq +84,
0 lv d txdqwxp0olnh whup1 Zh fdq dvn wkhuhiruh zkhwkhu lw lv srvvleoh wr qg
d irupdolvp edvhg rq txlwh fodvvlfdo0olnh h{suhvvlrqv/ erwk iru  dqg KE+s/{,1
Wklv srlqw zloo djdlq eh phw zlwk lq wkh vhtxho1
7 Rswlpl}hg irupdolvp +fdvh F,
E| wkh suhylrxv dqdo|vhv/ zh kdyh jrw uhvxowv zklfk zh fdq uhhoderudwh lq vxfk d
zd| wr vhw xs/ lq wklv vhfwlrq/ d frpsdfw d sulrul surfhgxuh deoh wr ghvfuleh wkh
VSQG dqg GERHLL fdvhv1 Vrph ri wkh ghqlwlrqv kdylqj wr eh uhqrupdol}hg/
zh zloo lqwurgxfh wkh txdqwl}dwlrq surfhgxuh vlqfh wkh ehjlqqlqj djdlq1
Ehiruh wklv/ krzhyhu/ zh kdyh wr glvfxvv eulh | wkh lqwhusuhwdwlyh uroh zh kdyh
jlyhq 0 xs wr qrz 0 wr q+{,/ ehfdxvh vrph fkdqjhv zloo dsso| lq wkh iroorzlqj1
Wkh zdyhixqfwlrq ghqhg e| htxdwlrq +;, kdv d irupdo uroh yhu| vlplodu wr wkh
48
rqh gudzq e| wkh Frshqkdjhq lqwhusuhwdwlrq= wkh q+{, vtxduhg0prgxoxv lv/ doo
dfurvv wkh suhylrxv vhfwlrqv/ dozd|v htxdo wr wkh vwdwlvwlfdo suredelolw| wr qg d
sduwlfoh lq vrph vpdoo uhjlrq ri vsdfh durxqg wkh fr0ruglqdwh {1 \hw wkh sk|vlfdo
vhqvh ri wklv vwdwlvwlfv/ lq rxu VSQG dqg GERH iudphzrunv/ lv d fodvvlfdo rqh=
lq rxu sdshuv +^4`^7`, wkh edvlf lqwhusuhwdwlrq lv lqghhg wkdw wkh ghqvlwlhv duh
mxvw zkdw fodvvlfdoo| frphv rxw iurp vwdwlvwlfdo hqvhpeohv ri Hxohuldq yhorflw|
hogv dqg qrw txdqwxp suredelolvwlf ghqvlwlhv1
Qrz krzhyhu zh zloo vhh wkdw surfhgxuhv lq wklv vhfwlrq zloo eh edvhg rq d
glhuhqw ghqlwlrq ri wkh zdyhixqfwlrq1
Zh vwduw zlwk wkh iroorzlqj fodvvlfdo0olnh/ Ehuqrxool Kdplowrqldq
KE+s/{, @ 45p s
5 .+{,. lp^s/ +{,` @ H +95,
Zkhqhyhu s lv fkrvhq dv d fodvvlfdo txdqwlw|/ wkh frppxwdwru ^s/ +{,` lv 3
+wkhq zh pljkw rshudwh wkh ixqfwlrq zlwk wkh vdph whfkqltxhv h{srxqghg lq
^8`,1 Zkdw lv krzhyhu uhohydqw wr xv khuh lv txdqwl}lqj wklv Kdplowrqldq= wklv
zh gr e| phdqv ri wkh +ruwkrgr{/  @ 4, dqvdw}
s$ as  lk gg{ +96,
Vr wkh Kdplowrq rshudwru dqg wkh hqhuj| wkhruhp zulwh
KE+s/ {/ d,  45p s
5 .+{,. lp ^s+{, +{,s` +97,
KE+s/ {/ d,q @ Hqq +98,
Zh dvvxph qrz wkh iroorzlqj +qrq0vwdqgdug, irup iru wkh vroxwlrq q+{,=










Khuh zh kdyh lqwurgxfhg wkh txdqwlwlhv p+,hii dqg y+{, zklfk fohduo| vwdqg
iru wkh vhwv= ~phii dqg y+{, zkhq  @ 5/ VSQG fdvh/ dqg ~pGhii dqg yG+{,




<Zh uhplqg iru sk|vlfdo lqvljkw wkdw wkh yhorflw| hog yl+{, lqwhusuhwdwhv dv wkh guliw
yhorflw| ri d jdvhrxv sduwlfoh v|vwhp lq wkh GERH fdvh/ dqg lv d vlqjoh sduwlfoh yhorflw|
lqvwhdg lq wkh VSQG frqwh{w1
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Zlwk wkh suhylrxv dvvxpswlrqv/ lw lv hdv| wr vkrz/ e| vlpsoh fdofxodwlrqv/










@ Hq +{, +9<,
y+{, @ frqvw  5.4 +:3,
Wklv odvw uhsuhvhqwv wkh frqwlqxlw| htxdwlrq ru wkh pdvv0 rz odz fruuhvsrqglqj
wr wkh wzr frqwh{wv dw kdqg1
Dv dqwlflsdwhg/ wklv surfhgxuh vhhpv wr xv wkh prvw lqwhuhvwlqj dprqj wkh
rqhv zh kdyh dqdo|}hg lq wklv sdshu 0 zlwk frqfhuq wr erwk sk|vlfdo dqg pdwk0
hpdwlfdo frpsdfwqhvv dqg lqwhusuhwdelolw|1 Zh jlyh d frqfoxvlyh glvfxvvlrq ri
doo rxu uhvxowv/ lqfoxglqj wkrvh lq uhihuhqfh ^8`/ lq wkh qh{w vhfwlrq1
8 Glvfxvvlrq ri wkh uhvxowv
Dv uhpdunhg/ wkh ghqlwlrq lq htxdwlrq +;, lv frqjuxhqw zlwk wkh ruwkrgr{
Frshqkdjhq lqwhusuhwdwlrq +mq+{,m5  +{,,/ zkloh htxdwlrq +99, lv qrz d
glhuhqw ghqlwlrq1 Xvlqj htxdwlrq +:3, lq wkh +{, h{suhvvlrq +99, zh qg iru
wkh prgxoxv ri +{, wkh h{suhvvlrq
m+{,m @  2 y+{,5 +:4,
Wklv htxdwlrq lghqwlhv zlwk wkh Frshqkdjhq lqwhusuhwdwlrq rqo| lq wkh
GERHLL fdvh 0 dowkrxjk mxvw rq d pdwkhpdwlfdo ohyho/ gxh wr rxu h{srxqghg
fodvvlfdo0olnh lqwhusuhwdwlrq1 E| wkh vdnh ri dq xqlhg lqwhusuhwdwlrq ri wkh wzr
fdvhv dw kdqg khuh/ zh vhh e| htxdwlrq +:4, wkdw wkh suhvhqw irupdolvp eulqjv
xv wr d glhuhqw vwdwhphqw= wkh +{, prgxoxv ghqhv/ lq erwk fdvhv/ wkh nl0
qhwlf hqhuj| hog y+{,51 Lw lv lqwhuhvwlqj wkdw/ vlqfh krzhyhu lq wkh GERHLL
fdvh yG+{,7 2 / wkh Frshqkdjhq lqirupdwlrq srvwxodwh rq wkh ghqvlw| lv qrwfrpsohwho| orvw li zh dvvxph wklv dowhuqdwlyh ghqlwlrq1 Lq dq| fdvh/ rxu qhz
zdyhixqfwlrq dozd|v hqforvhv wkh ghqvlw| lqirupdwlrq yld lwv devroxwh ydoxh  1
Wklv flufxpvwdqfh fdoov iru wkh iroorzlqj uhpdun1 Zh kdyh vhhq lq suhylrxv
vhfwlrqv wkdw wkh Ehuqrxool rvfloodwruv sk|vlfv fdq dfwxdoo| eh ghvfulehg e| wkh
txdqwxp surfhgxuhv/ dssolhg wr d Ehuqrxool Kdplowrqldq/ zkloh uhvwlqj rq htxd0
wlrq +;, zklfk lv lqghhg frqvlvwhqw zlwk wkh Frshqkdjhq lqwhusuhwdwlrq1 Exw wkh
pdwkhpdwlfdo sdwk kdv uhyhdohg txlwh d vwl rqh/ dqg wkh frh!flhqwv zh kdyh
phw zlwk dorqj wkh surfhgxuh duh ri gl!fxow sk|vlfdo lqwhusuhwdwlrq +vhh i1 l1
htxdwlrqv +76,+79, dqg +88,+94,1 Edvlqj wkh surfhgxuh rq wkh Kdplowrqldq
irup +95, rq wkh dqvdw} +99,/ lqvwhdg/ lv d fkrlfh surylglqj wr wkh irupdolvp
vlpsolflw| dqg frpsdfwqhvv1
Dv dq lqvwdqfh ri lw/ zh zdqw wr jlyh hylghqfh khuh wr wkh idfw wkdw wkh








  sq +:5,
4:
Wklv rqh lv mxvw wkh h{suhvvlrq zh kdyh irxqg lq sdshu L 0 htxdwlrq +:;, 0 e| wkh
fodvvlfdo0olnh surfhgxuh douhdg|1
Wkh irupdolvp khuh sursrvhg dovr vkrzv sodqh dgkhuhqfh wr d surshuw| zh
kdyh lqyrnhg ehiruh= wkh prphqwxp +9;, ehlqj ghqhg dv d fodvvlfdo0olnh txdq0
wlw|/ wkh vwduwlqj Kdplowrqldq +95, lv d fdqrqlfdo/ sxuho| fodvvlfdo rqh> e|
txdqwl}dwlrq/ zh kdyh wkhuhiruh ehhq deoh wr wdnh k0ghshqghqw hhfwv rxw ri wkh
ruljlqdo SKPH frqwh{w1
Qrwh qdoo| wkdw wkh surfhgxuh dovr surylghv xv zlwk dq lqwhuhvwlqj fruuh0
odwlrq ehwzhhq wkh prphqwxp +9;, dqg wkh srwhqwldo lV zh kdyh phw zlwk
douhdg| lq uhihuhqfh ^8`1 Iru sk|vlfdo lqvljkw/ zh uhpdun wkdw wkh frh!flhqw 825
fdq eh lqwhusuhwhg lq whupv ri wkh txdqwlwlhv  dqg / ehfdxvh lw fdq eh zulwwhq
8
5 @ 4 .
5
 +:6,
lq erwk wkh VSQG dqg GERH fdvhv1 Dv dq lqwhuhvwlqj fruroodu|/ zh vhh
wkdw li wkh RTPF sdudphwhuv vhw lv lqvwhdg frqvlghuhg + @ 4@5/  @ 4,/ wkh
frh!flhqw ehfrphv }hur/ wkh Kdplowrqldq +95, uhgxfhv wr wkh vwdqgdug fodvvlfdo
rqh/ dqg wkh txdqwl}dwlrq surfhgxuh jrhv edfn djdlq wr wkh vwdqgdug txdqwxp0
phfkdqlfdo fdvh1
Wklv qdo vhwwlqj lq wkh surfhgxuh dovr vhhpv deoh wr pdnh hdvlhu wkh h{whq0
vlrq zkhq wkh dvvxpswlrq ri frqvwdqw hhfwlyh pdvvhv p+,hii dqg rwkhu frh!0flhqwv/ grqh lq wkhvh sdshuv/ zloo eh gursshg r +zkdw zloo uhlqirufh rxu sk|vlfdo
prghov,1 Lq wklv frqwh{w/ lqghhg/ zh zloo eh eurxjkw wr frqvlghu yduldeoh ixqf0
wlrqv +{, dqg +{, wr h{suhvv wkh frqwlqxlw| htxdwlrq= exw wkh frh!flhqw +:6,
mxvw fdqglgdwhv wr eh nhsw lqyduldqw zlwklq wklv +qh{w, jhqhudol}hg ghvfulswlrq1
9 Frqfoxvlrq
Zh surylghg/ lq wklv sdshu/ glhuhqw txdqwxp0olnh surfhgxuhv deoh wr w wkh
sk|vlfdo frqwh{wv dw kdqg1 Wkh surfhgxuhv duh fhuwdlqo| qrq0ruwkrgr{ lq d
qxpehu ri ghwdlov= wkh| dsso| wr shfxoldu +Ehuqrxool, Kdplowrqldq ixqfwlrqv/
dqg xvh qrq0vwdqgdug srvlwlrqv +iru wkh txdqwlwlhv / d hwf1, dqg lqwhusuhwd0
wlrqv iru wkh zdyhixqfwlrq irupdolvp1 Lq d qxpehu ri fdvhv/ zh glvfxvvhg wkh
surshuwlhv dqg wkh frqvhtxhqfhv ri wkhvh srvlwlrqv1 Lq d ihz ri wkhp/ zh irxqg
udwkhu lqyroyhg h{suhvvlrqv iru wkh uhohydqw sdudphwhuv1 Wkhq wr kdyh d pruh
sodqh surfhgxuh zh wxuqhg/ dw wkh hqg ri wkh sdshu/ wr d glhuhqw h{suhvvlrq
ri wkh Kdplowrqldq ixqfwlrq dqg wr d glhuhqw/ qrq0ruwkrgr{ ghqlwlrq ri wkh
edvlf zdyhixqfwlrq1 Lq wklv zd| zh eholhyh kdylqj surylghg d udwkhu frpsdfw
dqg hdv| uhihuhqfh iudphzrun/ erwk iurp wkh pdwkhpdwlfdo dqg sk|vlfdo srlqwv
ri ylhz1 Zh glvsod|hg wkh dgydqwdjhv ri rxu irupdolvp/ dqg hqoljkwhqhg vrph
surshuwlhv pruh ri rxu sursrvhg sk|vlfv ri wkh Ehuqrxool rvfloodwruv1
4;
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